The feasibility to unambiguously determine the nature of the cosmic dark energy with future supernovae experimental data is investigated. We work with four kinds of quintessential components : a cosmological constant, a general barotropic fluid, a perfect fluid with a linear equation-of-state and a more physical model based on a pseudo-Nambu-Goldstone boson field. The standard χ 2 method is used. In order to easily compare the minimum values of χ 2 obtained for each model, we consider the four models as a single large one. We show that this method allows better results than studying each model separately.
Introduction
Current supernovae data strongly support cosmological models containing a perfect fluid with a negative pressure (Riess et al. 1998 , Perlmutter et al. 1999 ). The oldest but also the most studied candidate for this fluid is the cosmological constant which acts like a perfect fluid with the equationof-state p = −ρ. But the vacuun density energy associated with the cosmological constant is roughly speaking 60-120 orders of magnitude smaller than its natural value coming from quantum field theories. This discrepancy is known as the cosmological constant problem (Weinberg 1989 , Abbott 1988 , Carroll et al. 1992 . In order to "avoid" this problem, it is usually easier to accept a vanishing cosmological constant, through a still unknown mechanism, than to justify such a small vacuum energy. If there is no cosmological constant, we have then to look at the other dark energy candidates with a negative pressure. Among them, there is a dynamical quintessential component which is usually represented by a minimally coupled scalar field evolving in a potential (Peebles and Ratra 1988 , Peebles 1988, Wetterich 1988 , Ferreira and Joyce 1998, Steinhardt et al. 1999) . Such a quintessence fluid can be described by the equation-of-state p = w ρ where w is usually a function of the redshift z (−1 ≤ w(z) ≤ 1). The simplest models are those based on a generalisation of the cosmological constant, e.g. a barotropic fluid (w(z) = w 0 = constant) (Di Pietro and Demaret 2001, González-Díaz 2000) or a homogeneous scalar fluid with a linear equation-of-state (w(z) = w 0 + w 1 z with w 0 and w 1 constant) (Goliath et al. 2001 ).
These two kinds of models are mathematically quite interesting because they are described by simple field equations, but they are usually not supported by any physical motivation. Other quintessence models with a more general equation-of-state but also with a stronger physical interpretation have been proposed (Peebles and Ratra 1988 , Peebles 1988, Wetterich 1988 , Ferreira and Joyce 1998, Steinhardt et al. 1999 ). Among those, we shall consider the one which assumes the existence of an ultra-light pseudo-Nambu Goldstone boson (PNGB) field relaxing to its vacuum state (Frieman and Waga 1998 , Waga and Frieman 2000 , Ng and Wiltshire 2001 . From the quantum viewpoint, the PNGB models are the simplest way to have a naturally ultra-light scalar field which is necessary to reproduce the cosmological observations (Frieman et al. 1992 (Frieman et al. , 1995 . Moreover, PNGB models provide an interesting theoretical framework to any spontaneous symmetry breaking which could justify the neutrino mass found in the Mikheyev-Smirnov-Wolfenstein solution to the solar neutrino problem (Wolfenstein 1979, Mikheyev and Smirnov 1985) .
So there are a lot of theoretical models : some are mathematically quite simple while others have a true physical background. We shall show what are the constraints on the models discussed above coming from the current SNeIa observations. As already mentioned in the literature, we shall see that more data are needed to enable a distinction between various theoretical backgrounds. This may be accomplished by the proposed SNAP satellite (SuperNova/Acceleration Probe) (SNAP URL). The aim of this instrument is to detect a very large number of supernovae up to a redshift of 1.7. This should provide a precise determination of the cosmological parameters which leads to the knowledge of the nature of dark energy. Several authors have already studied the feasibility of SNAP to determine the properties of the dark energy (Huterer and Turner As it has already been noted, most of these discrepancies come from differences in initial assumptions, prior knowledge, ... used for the reconstruction of the cosmological model (Goliath 2001) . Usually, optimistic conclusions result from a strong assumption, such as an accurate knowledge of Ω m .
The aim of this paper is to show the theoretical degeneracies existing between various quintessence models and to study the ability of SNAP to discriminate among these models. Let us consider as theoretical backgrounds the four models discussed above, that is Λ-model, a barotropic fluid (constant equation-of-state), a quintessence with a linear equation-of-state and PNGB models. A standard χ 2 analysis is used but, in order to easily compare the minimum values of χ 2 obtained for the different models, we shall consider the four models as a single large model for which the parameter space is divided in four regions, each one being described by the field equations of one of the four models. This paper is organized as follows : the field equations describing the quintessence models are recalled in section 2. In section 3, we present the constraints coming from the current SNeIa data. We also show the different results obtained when each model is used separately and when they are considered as a single large model. We explicitly justify the degeneracies appearing in these results using semitheoretical arguments. The constraints that could be expected from SNAP are presented in section 4 where we also explore the ability of SNAP to overshoot the degeneracies using the large model. Finally, some conclusions are given in section 5.
Quintessence models : theoretical framework
The field equations of a Friedmann-Lemaître-Robertson-Walker spacetime filled with two noninteracting fluids, a pressureless fluid (matter) and a spatially homogeneous scalar field in a potential (quintessence), can be written as
where the prime denotes the time derivative and where
In what follows, we only consider models with two degrees of freedom. We first take simple backgrounds where the scalar field acts like a fluid with a linear equation-of-state, i.e. w(z) = w 0 + w 1 z. In that case, the equation (4) becomes g(z) = e 3 w1 z (1 + z) 3 (1+w0−w1) and the Friedmann equation given by (1) can be written as
We focus on three types of models containing a scalar fluid with a linear equation-of-state : In quantum field theory, a Nambu-Goldstone boson field is generated everytime a global symmetry is spontaneously broken. Moreover, if this symmetry is then explicitly broken, the Nambu-Goldstone boson acquires a mass and becomes a pseudo-Nambu-Goldstone boson. A quintessence model based on a PNGB field can be described by the field equations (1)- (4) with the following periodic potential (Frieman et al. 1992 (Frieman et al. , 1995 :
where M and f are the two mass scales : f is the spontaneous-and M is the explicit symmetry breaking scale. With such a model, it is impossible to obtain an analytical solution of the field equations (1)- (4) and the behavior of the functions g(z) and H(z) can only result from a numerical integration. We take as initial conditions φ ′ i = 0 and φ i = 10 −2 m P l where m P l is the reduced Planck mass (cfr. justification below). Assuming again a spatially flat universe, we are left with a model depending on only two parameters, M and f . This model is referred to as "Model D ". In order to understand the diagrams related to model D (figures 3-5 and 7-13), let us summarize the most important properties of the PNGB models. Because of the Hubble damping, the PNGB field is initially frozen near the top of its potential ( φ ′ i ∼ 0 and φ i ≪ ) and therefore acts as a cosmological constant. When the universe temperature becomes less than the PNGB mass, i.e. m φ = M 2 / f , the field starts to slowly roll down the potential (phase 1). The minimum of the potential is reached asymptotically, after a large number of coherent oscillations about the minimum. This second phase corresponds to a scalar component which redshifts itself as nonrelativistic matter. It means that model D behaves asymptotically like an Einstein-de Sitter universe. The larger the quintessence mass, the sooner the asymptotic state is reached.
If the scalar field evolution starts before its energy density becomes dominant, the PNGB field will never be relevant for the universe dynamics (cfr. the figure 1a) . However, if the phase transition occurs when the vacuum energy associated to the PNGB field is already dominant, then the scalar energy density may presently dominate the cosmic density of the universe, providing a non-negligible dark energy component (cfr. the figure 1b). Figure 2 presents an M − f diagram where each point represents a type of current universe. We have plotted the contours of constant Ω m (solid curves) whereas the thin dotted bands surround each currently accelerating universes. In these regions, we have q 0 < 0, which means that the kinetic term of the PNGB field is small compared to its potential. This occurs when the scalar field is still frozen (the lower and larger band) or when its velocity is changing sign, i.e. when φ ′ ∼ 0 (the thin bands). The regions where q 0 > 0 correspond to models where the scalar field is currently near the minimum of its potential. For more details on PNGB models (see Frieman et al. 1992 Frieman et al. , 1995 
Quintessence faced with current SNeIa data
We use the published data of Perlmutter et al. which consist of a sample containing 60 SNeIa (Perlmutter et al. 1999, P99 hereafter). As it has been noted in P99, four of these supernovae are "outliers" (quite outside the average sample). So we exclude them and consider a sample of only 56 SNeIa 2 . We analyse these data with a standard χ 2 method, i.e. by minimizing the value of χ 2 defined by
where m th B is the apparent magnitude in the B band estimated from the theoretical model, m data B , the apparent magnitude as measured in the B band, θ k (k = 1, 2), the two degrees of freedom of the theoretical model andM B , the magnitude zero point defined bȳ
where M B refers to the absolute magnitude of the SNeIa in the B band. By apparent magnitude, we mean effective apparent magnitude, i.e. the apparent magnitude corrected by the lightcurve width-luminosity correction, Galactic extinction, K-correction and cross-filter calibration. (8) , the effective apparent magnitude can theoretically be evaluated using the distance modulus relation : m
with S(x) = sin(x), x, sinh(x) for respectively a spatially closed, flat and open universe. Note that d L is the luminosity distance whereas D L is a dimensionless quantity. Further on, we shall assume a gaussian distribution of the uncertainties and neglect the errors in the redshifts. ConcerningM B , various approachs can be adopted. We can assume thatM B has been exactly calibrated with the low redshift SNeIa. But, in fact, any quantitative result strongly depends on the value used forM B . So we donot opt for this approach and prefer another which assumes no prior constraint onM B : it is just an unknown constant with a value between −∞ and +∞. So we need to integrate the probabilities onM B . We therefore work with aχ 2 defined bỹ
where
We analyze the sample of 56 SNeIa given in P99 using as framework the four theoretical models discussed in the previous section and assuming no prior constraint onM B . Our results are shown in figure 3. They are in agreement with those found in the literature and can be considered as a test for our code. Note that the minimum values we obtained for the χ 2 per degree of freedom was really acceptable: ∼ 1.24 for each plot (and also for figure 4). Figure 3 : The solid curves -from innermost to outermost pairs -are 68% and 99.73% confidence contours for each model whereas the dotted curves separate universes which are currently decelerating from those which are currently accelerating.
We would like to insist on one point which is not often mentioned : current supernovae observations are not sufficient to conclude to currently accelerating universe independently of the cosmological model. Indeed, as it can be seen in figure 3 , present data can also favour PNGB universe which is decelerating today (at 1 σ level). The dynamics of those models have already been accelerated in the past. This is why they can predict the same luminosity distance as those coming from currently accelerating models. Moreover, each model can predict a currently decelerating universe at the 99.73 % confidence contours.
In figure 4 , we consider the four cosmological models as a single large one : this "big" model can also be described by a two-dimensional diagram divided in four regions: one region for each individual model. On this diagram, models A, B, C and D have been placed respectively in the lower left, upper left, upper right and lower right corner. We have restarted the statistical analysis with the SNeIa sample in the framework of this single big model. Again, no prior constraint onM B has been assumed. Our aim is to study the ability of the current observations to select a theoretical model between several. Figure 4 clearly shows that the current data are not able to make an unambiguous distinction between various cosmological models.
The degeneracies which appear in figures 3 and 4 are due to the multi-integral relation between the luminosity distance, d L , and the equation-of-state, w(z), of the dark energy (cfr. (9) with (1) and (4)). This relation means that different functions w(z) can lead to approximatively the same distance figure 5 where contours of constant distance luminosity have been plotted for a fixed redshift, in the framework of each cosmological model. As expected, the degeneracy shape varies with the mean redshift and so we can hope for a breaking of degeneracy observing SNeIa at different redshifts. Comparing the plots 5a and 5b, it seems that, a priori, the first derivative of the equation-of-state could be easier to be determined than its current value. Moreover, some degeneracies also exist between several quintessence models. In figure 6a (resp. 6b), we show that a peculiar model B (resp. C) can predict the same distance-luminosity as different kinds of models C (resp. B) at a fixed redshift. Although we can hope for some degeneracy breaking with the redshift, it seems that it will be difficult to distinguish between a model B and a model C.
Quintessence faced with future SNeIa observational data
The analysis of the current SNeIa data presented in the previous section clearly show that more data are needed to estimate accurately the nature of the dark energy. Such data could be provided by the proposed SNAP ("SuperNova/Acceleration Probe") mission (SNAP URL). SNAP, if accepted, should be a two-meter space telescope dedicated to the SNeIa observations on a wide range of redshifts. This instrument should be able to provide photometry and spectra of more than 2000 SNeIa per year.
The aim of this section is to simulate SNAP data and study its feasibility to unambiguously discriminate between the different cosmological models. To this end and according to the SNAP proposal (SNAP URL), we assume that the satellite will be able to detect 2000 SNeIa in the redshift interval z ∈ [0; 1.2] and 100 SNeIa in the redshift interval z ∈ [1.2; 1.7]. Each interval has been binned with ∆ z = 0.05. We always suppose a uniform SNeIa distribution on each interval and a conservative precision of ∆ m = 0.15 mag on each individual measurement, which corresponds to ∼ 7% uncertainty in the luminosity distance. This represents only statistical errors including the intrinsic spread of the SNeIa maximum luminosity. So we donot include any systematic errors.
In the case of simulated data and again without any prior onM B , the relation (10) has to be modified. Indeed, the data have now to be written in terms of the luminosity distance and not in terms of the apparent magnitude (Goliath et al. 2001 ). So we havẽ
where (10) and N = 2100 . We construct the ten following samples based on different cosmological models : We first analyse the simulated data using each theoretical model separately as background. Figure 7 shows which precision has to be expected on the determination of the cosmological parameters for each model, after marginalization overM B . It is important to note that in each of the ten cases, the plots have been obtained analysing the data with the theoretical model used for the simulation. At the opposite, figure 8 presents examples of results obtained when the theoretical background used for the data processing is not the one used for the simulation. Indeed, we analyse the four samples initially simulated with model D in the framework of the four kinds of theoretical models. For the samples D1 and D2 for which the scalar field starts its evolution only recently, no doubt is possible: only model D gives rise to acceptable contours. On the other hand, it is quite different if the scalar field is currently close to the minimum of the potential (D3 and D4). It is not surprising to see that it is difficult to differentiate between the theoretical background of the sample D3 and an Einstein-de Sitter universe. This means that when the model passes through the potential minimum for the third time, it is already very close to its asymptotic state. Moreover, the theoretical model of sample D4 cannot be differentiated from a spatially closed Λ-model with Ω m , Ω Λ and −Ω k ∼ 1 .
In order to go to the root of this investigation, we again consider the four cosmological models as a single big one and analyse the simulated data in the framework of this big model. The results are presented in figures 9-13. The upper panel of figure 9 is just a test for our code because the simulated data come from a model where the scalar field still acts like a cosmological constant, that is the simulated data can be reproduced by the four models considered. The constraints obtained show the regions where the quintessence acts presently as a cosmological constant with Ω Λ = 0.7 for the four theoretical models. The lower panel of figure 9 clearly shows that SNAP will not be able to distinghish between a possible spatial curvature (Ω k > 0) and a quintessential fluid with an increasing equation-of-state (w 1 < 0).
The two plots of figure 10 show that SNAP will be unable to recognize if the scalar equation-of-state is constant or not : SNAP cannot distinguish the case w 1 = 0 from the one with w 1 < 0 . Moreover, it also clearly appears that SNAP will not be efficient to make the difference between a model B and an open Λ-model. As shown on the first plot of figure 11 , a model C with a positive w 1 can be removed in a model B with a smaller value of w 0 and a larger value for Ω m than those corresponding to the data. The second plot of figure 11 shows again the difficulties to distinguish between w 1 = 0 and w 1 < 0 : some of the closed Λ-models cannot be excluded by this data processing.
The simulations coming from model D are the more encouraging ones (cfr. figures 12 and 13) : if a PNGB field really acts as a non-negligible component in the universe dynamics and if it is no more frozen today, then SNAP will clearly be able to make the difference between this model and a mathematically more simple model. But, naturally, when the universe approaches its asymptotic state, some degeneracies can appear since an exact Einstein-de Sitter model can be described by three of the four models. This fact is clearly illustrated on the upper panel of figure 13 . In the model used for the sample D3, the universe is currently passing through the minimum of the potential for the third time and so degeneracies start to appear at a 3 σ level (but not at a 1 σ level).
The results coming from figures 12 and 13 seem to contradict those presented in figure 8 : figures 12 and 13 show that it is possible to distinguish a model D from another one (A, B or C) whereas figure 8 seems to point to the opposite. This discrepancy is only apparent. Returning to figure 8, if we compare the value of the minimum χ 2 per degree of freedom related to the plots associated to models A, B and C, we find that it is larger than the one corresponding to model D : we have χ 2 / ddl ≥ 1.13 for the models A, B and C of figure 8 and χ 2 / ddl ∼ 1 for model D of figure 8 and for figures 12 and 13. This is why some degeneracies seem to appear in figure 8 and not in figures 12 and 13. So when we wish to study the ability of SNeIa data to load to distinguishing between various cosmological models, it is important to compare the values of the χ 2 associated to each model, not just the contour plots. In order to do that, it can be convenient to consider all the models as a single large one, rather than using them separatly.
Conclusion
We have investigated the feasibility of using SNeIa data to constrain the dark energy properties. In order to do that, we have considered different quintessence models, i.e. three which are mathematically quite simple and one coming directly from particle physics. We also have transformed these four theoretical models into a single "big" one with four kinds of dynamics depending on the position in the parameter space. We have shown that even the future SNeIa experiments will not be enough to unambiguously differenciate between the three models with a simple and analytical equation-of-state. At this point, we confirm the more sceptical conclusions already made in some previous works on the subject (Maor et al. 2001 , Barger and Marfatia 2001 , Astier 2001 . We have also demonstrated that our method consisting of using all the models as a single one allows a direct comparison of the χ 2 of each model. This can lead to a different and more precise conclusion than the one obtained using the different models separately. On the other hand, we have shown that a distinction between the "simple" mathematical models and a PNGB model is really possible with SNAP. This is completely different from what has been suggested previously by 
